This paper examines the standard map with sawtooth nonlinearity when the eigenvalues of the Jacobian lie on the unit circle. This is an area-preserving map of the torus to itself that is linear except on a line on which it is discontinuous. We discuss the closure of the set of images of the discontinuity and present numerical evidence that its Lebesgue measure is positive. Moreover, we present evidence that the measure of the closure of images of the discontinuity changes continuously with the parameter k. This means that the sawtooth standard map may exhibit coexistence of two positive measure subsets on which the dynamics is respectively regular and irregular in a certain sense.
Introduction
The standard map with sawtooth nonlinearity is de ned by obtained by linearising the map about its xed point at (0; 1 2 ). The map (1) has the following properties 1. It is a smooth map on a full measure subset of the phase space. 2. It preserves area (more precisely, two dimensional Lebesgue measure is invariant) and moreover the map has constant Jacobian
Therefore all trajectories that do not hit a discontinuity have Lyapunov exponents equal to the real parts of the eigenvalues of this matrix. Because of constancy of the Jacobian, the Lyapunov exponents are simply the logarithms of the eigenvalues and so we can classify the map as follows: Many studies of map have focussed on the hyperbolic regime; in particular Percival 9] has shown that it is possible to get a good description of cantori of the hyperbolic map by looking at orbits minimising the associated variational problem. This line of investigation has been further pursued 10, 3] to examine ux and resonance. Wojtkowski 11] has looked at a map of the form (1) where the function saw(y) is replaced by a continuous piecewise linear function. In particular, he has shown that both elliptic and hyperbolic behaviour can coexist in this mapping at some parameter values. We restrict to the simpler problem where all orbits are elliptic.
A mathematically similar problem concerns the dynamics of a second order linear lter realised using arithmetic that has a`periodic' over ow. This is called the \two's complement" over ow oscillation problem and has been studied by many authors in the electronics engineering community, see e.g. 2, 4, 5, 8] .
We show in the appendix that the map (1) is equivalent to the lossless case of the over ow oscillation problem under a piecewise linear change of coordinates. In particular, any property of the sawtooth standard map also holds for a lossless over ow oscillation system, and vice versa. Some of the results in the next sections have been shown for the latter problem; the equivalence then shows simply that they apply to the sawtooth map.
2 The elliptic regime; general considerations From now on, we assume that the map is in the elliptic regime, i.e. ?4 < k < 0 so we can nd a unique 2 (0; ) such that 2 cos = 2 + k:
We use the parameters and k interchangeably, assuming they are related by the above formula; at times we refer to k( ) to make this relationship explicit.
We consider the sawtooth map f : I ! I de ned by (1) Proof This follows on examining the construction of D ; at each stage we add an extra line to the previous set; this will subdivide convex polygons into convex polygons and so the limit will consist of convex polygons. If = is irrational then the boundary will have a dense set of points with tangents in D and so will be an ellipse.
2
The dynamics on D may be sensitive even though the Lyapunov exponents are zero; see also the example in 1].
3 Action of the map on elliptical disks.
Length preservation The map f on I is locally conjugate to a rigid rotation, with the result that elements in a certain family of ellipses are mapped onto themselves. jx 1 ? x 2 j Q = jf(x 1 ) ? f(x 2 )j Q : Given a point x 2 A and a radius r 0 we de ne an elliptical disk in A E r (x) = fy 2 A : jy ? xj Q < rg: Note that if E r (x) \ D = ; then f(E r (x)) = E r (f(x)). If we consider the three dimensional manifold of all such disks E = fE r (x) : x 2 A and r > 0g there is a subset E 0 E of disks in A that do not intersect the discontinuity of F. We de ne inductively a nested sequence of subsets E n+1 = f ?1 (E n )\E n with limit E 1 = \ n2Z E n . There is a partial order on disks E; F 2 E 1 given by E F if E F. We de ne a cone in E with vertex E by Cone(E) = fF 2 E : F Eg. Note that trivially, the set E 1 contains all cones with vertices in E 1 . We say E is a maximal disk if it is a maximum under . Cone(E) is called a maximal cone if E is a maximal disk. 
Measure of strongly maximal disks
To approach the main conjectures of this paper, we consider the dependence of the measure of strongly maximal disks on the parameter . To this end we de ne P( ) = 1 ?`(U max ) and note that by Theorem 1 P( ) = (k( )) for = 2 R n Q However P( ) = 0 for = 2 Q. Note that maximal disks are robust and so it is relatively easy to show that P( ) is upper semicontinuous for all (although ( ) is not). Lower semicontinuity is where the problem lies! Lemma 4 0 < P( ) < 1 for all = 2 Q.
Proof For rational angles, D c consists of polygons; for each polygon P we havè (P \Û max ) > 0 and`(P \ (I n U max )) > 0 and so`( ( )) is bounded away from 0 and 1. Remark 1 One might initially suspect that there are no coverings of the square by a countable number of disjoint circles such that the covering has full measure. This is however not the case; one can explicitly construct a full measure cover. Divide the complement of the rst circle into a countable number of squares and then inductively de ne a countable number of squares within these. Taking the limit one can show that the union of the circles has full measure.
Remark 2 One can also construct dense circle packings that have less than full measure, for example in the following way. Given a sequence r i such that P r 2 i < 1 and a sequence x j of points in (0; 1) 2 that are dense in 0; 1] 2 we can construct a dense circle packing by placing disks of radius r i at points x j (missing out radii or points that would result in overlapping disks). The total Lebesgue measure of the union of disks will then be less than or equal to P r 2 i . Moreover, every point will either be in the closure of a disk, or at a limit point of centres of disks.
Numerical approximation of D
In order to test the validity of the above conjectures we have constructed numerical approximations of the set D using box-counting on a discretised phase space. This approximation is similar to that used for the over ow oscillation problem detailed in 2]; we refer the reader to 2] for more details.
The phase space was subdivided into a grid formed of 2 n by 2 n intervals. An initial point was chosen at the centre of each of the boxes on one side of the discontinuity D and its orbit was computed until it returned back to the starting box, at which point it was deemed to have closed. In this way we get an approximation of the set D by marking each of the boxes visited by a trajectory coming close to D.
The measure of the set was approximated by counting the number of boxes hit as a proportion of 2 2n . This approximation of (k) is denoted by n (k). (4) in the limit n ! 1. Figure 1 shows that this is indeed the case, where we have taken k = ?0:5, = cos ?1 (0:75). The scaling is consistent with 1 0:12. Figure 2 shows the computed approximation to D where n = 10. In contrast Figure 3 shows the approximation of D and the convergence of n to 0 as expected at this rational value of = = 1=4 (k = ?2 + p
2). Figure 4 shows an extrapolated value of 1 (k) as a function of k; this was computed by extrapolating values of n for n = 6; 8; 10 and 12 to the limit 1 using equation (4) . Apart from the excursions to zero expected for rational values of = , the extrapolated curve remains close to a continuous curve. In particular, near k = ?1 the curve seems to limit to a value ( =2) = 0:16867 that can be explicitly computed. Figure 5 shows extrapolated values of 1 (k) using ts to (a) n = 6; 8 and 10 and (b) n = 8; 10 and 12. Note that in the latter case, fewer points are detected as spurious and there are generally fewer outliers to the general continuous trend of the predictions.
Discussion
We have conjectured that for a full measure set of parameters in the sawtooth If we set a = 2 + k then this is precisely the map (5), therefore the two systems are conjugate everywhere except possibly on their zero measure set of discontinuities.
The eigenvalues of constant Jacobian of the maps are on the unit circle at e i where a = 2 + k = 2 cos . 
